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Abstract

Submanifolds of codimension 2 of an almost hyperbolic Hermite manifold have been studied by
Rai[4] and others. In this paper, we have taken an H-structure manifold and showed that its
submanifold of codimension r admits the generalised para (e,r) contact structure. Certain other useful
results have also been proved in this paper.
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1. Preliminaries

Let M™ be an n-dimensional differential manifold of class C®. Suppose there exists on M™ a tensor
field F(# 0) of type (1,1) satisfying

F?2 = a?] (1.1)

where’a’ is a non-zero complex number. Suppose further that above M™ also admits a Hermite metric
G such that

G(FX*,FY™) + a®G(X*,Y*) = 0 (1.2)

holds for arbitrary vector fields X* and Y* on M™. Then the manifold M™ satisfying (1.1) and (1.2)
will be called an H-structure manifold.
Let 'F(X*,Y™) be the tensor field of type (0,2) given by

'F(X*,Y*) =G(FX*,Y™") (1.3)
The following results can be proved easily

D)'F(FX*,Y*) = ="f(X*,FY*) = a®?G(X*,Y*)
) FX5 YD +'F(YXx9H=0

(1.4)
and
(ii)'F(FX*, FY*) + a®?' F(X*,Y") =0
Let D be the Riemannian connection of M™.
Thus,
DyY* —Dy:X* = [X*,Y"] (1.5)
and
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DyG=0 (1.6)
If N(X*,Y*) be the Nijenhuis tensor formed with F, we have
N(X*,Y*) = [FX*,FY*] — F[FX*,Y*] — F[X*,FY*] + F2[X*,Y*] (1.7)
An H-structure manifold M™ will be called a K-manifold if the structure tensor F is parallel i.e.
(Dx-F)(¥*) =0 (1.8)

A submanifold M™~" of codimension r immersed in the H-structure manifold M™ will be said to
possess a generalised para (&, r)-contact structure if there exists on M™" a tensor field f of type (1,1),
r(C*™) contravariant vector field U r(C*) I-forms u* (r some finite integer) and a constant & such

X

that
f? = a? - Ve X, u®U (1.9)
Also
(OFY +EE5e 62U = 0
(Diof + Ve, 021 =0 (1.10)

a

2
(iid)u” (g) +VeXl 10567 = ﬁ&?

where x,y,z=1,2,....r, 85 denotes the Kronecker delta and 67 are scalar fields.
If in addition, the above M™~" also admits a metric tensor ’g” satisfying
IUFX,fY) +a2g(X,¥) + & oyt (OUY) = 0 (L11)

We say that the manifold M™~" admits a generalised para (&, r)-contact metric structure.
A vector field V* on M™ will be called a contravariant almost analytic vector field if .

(Ly-F)(X") =0 (1.12)

where L denotes the Lie-differentiation. For a Kaehler manifold, the almost analytic vector field
satisfies.

FDy-V*+D3V* =0 (1.13)

2. Submanifolds of Codimension r

Let M™™" be a submanifold of codimension r immersed differentiably in H-structure manifold M™. If
b denotes the differential of the immersion, a vector field X in the tangent space of M™~" corresponds
to a vector field BX in that of M™ . If N,, x = 1,2,...,r denotes the mutually orthogonal set of unit
normals to M™~" and ’g’ the induced metric on M™~" we can write

())G(BX, BY) = g(X,Y),
(iD)G (BX, g) =0

and

(iii)G (1)\{/ 1;/) =65,

2.1)

where x,y=1,2,...,r and 5xy denotes the Kronecker delta.
We can write the transformation for FBX and FN as [3]
X
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FBX = BfX —eXl_,u (ON 2.2)

and

FN =—-BU +VeY, 16y N (2.3)
x x y

where f is a tensor field of type (1,1), % are 1-forms and U vector fields on the submanifolds M n-r,
X

x=1,2,....I.
Operating (2.2) by F and making use of the equations (1.1), (2.2) and (2.3), we obtain

r r T
a’BX =Bf2X—vEZﬁ(fX)N—\/EZﬁ(X) —BU+\/EZ 0y N
y x y

y=1 x=1 y=1

Comparison of tangential and normal vectors yields

(Of? = a?l - Ve R, u ®U
and 2.4
(ii)zwa +eXr_, 93% =0

Premultiplying the equation (2.3) by F and using the equation (1.1),(2.2) and (2.3) itself, we get
r r T
a?N = —BfU—x/EZlZl(U)N+\/EZ 9§—BU+\/EZH§N
x x ~ x/ z = y ~ z

Comparison of tangential and normal vectors again gives

(i)flx/ +\/EZ§=1931y/ =0
and (2.5)
N Z a?
(i) (g) FVEL)L 67 6 = 1

Again in view of the equations (1.2), (2.2) and (2.3) we have

g X, fY) + a2g(X,Y) + £ Xyt (X)u(¥) = 0 (2.6)

By virtue of the equations (2.4), (2.5) and (2.6) it folllows that the submanifold M™~" admits, the
generalised para (&, r)-contact metric structure. Hence we have

Theorem 1. The submanifold M™™" of codimension r of the H-structure manifold M™ admits a
generalised para (&,1)-contact metric structure.

Suppose further that D is the induced connection on the submanifold M™~" from the Riemannian

connection D on the enveloping manifold M™. The equations Gauss and Weingarten can be expressed
as[4]

X
X
and

— b
DgxN = —BH(X) + X5, 07 N (2.8)

X
where h(X,Y) are second fundamental forms given by
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h(X,Y) = g (fI(X),Y),x =12,...,r (2.9)
Suppose that the enveloping manifold M™ is a K-manifold. Hence we have
(DoxF(BY)) =0
or equivalently

DyxFBY = FDgyBY (2.10)

In view of the equations (2.2) and (2.7) , the above equation (2.10) takes the form

Dpx{BfY — \/EZ U (Y)N = F{BDyY + Z h(X, )N}
x=1 x=1

or equivalently

BDyfY + Z ROXFYON = \/EZ & (D {=BH(X) + Z 02 N}
x=1 x=1 y=1

r r T
X
= BfDyY — \/EZ % (DyY)N + Z h(X,Y){—BU + \/EZ 0 N}
X X
x=1 x=1 * y=1
Comparison of tangential vector fields yields

r T
X X
DyfY + \/EZ U (V)H(X) = fDyY — Z h(X,Y)U
x=1 x=1 *
or equivalently

X X
Dx)¥) + Tiea{(Veu(NHX) + h(X, Y)U} = 0 @.11)
If N(X,Y) be Nijenhuis tensor for the submanifold M™~", we can write [4]

NX,Y) = (Dsxf)(Y) — (Dpy ) (X) + £ (Dyf)(X) — F(Dx () (2.12)

A necessary and sufficient condition that the submanifold M™~" be totally geodesic is that h*(X,Y) =
0, x=1,2,...,r. Hence in view of the equation (2.6) and (2.8), it follows that

Dyxf =0
Hence from the equation (2.12), it follows that
nX,Y) =0
Thus we have.

Theorem 2. A totally geodesic submanifold M™™" with a generalized para (&, 1)-contact structure of
an H-structure manifold is integrable.

3. Contravariant Almost Analytic Vectors

In the K-manifold M™, taking a=i,i = Ve and n even, we observe that M™ becomes a Kaehler
manifold. It is well know that for a Kaehler manifold the contravariant almost analytic vector V*
satisfies [1]
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FDyV* + Dy:V* =0 (3.1)
Hence we have.
FDgyBV + DgyBV =0 (3.2)

In view of equation (2.4) above equation (3.2) takes the form
X X
F{BDxV + ¥'_1 h (X, V)]}\CI} + BDyV + Y51 h (X, V)I)\C/ =0 (3.3)

By virtue of the equations (2.2) and (2.3) and , the above equation (3.3) takes the form
T r T T X
BfD,V — \/EZ % (DyV)N + Z h(X,V){—BU + \/Ez 6y N} + BDyV + Z h(X,V)N=0
x y X
x=1 x=1 y=1 x=1

(3.4)

Comparison of tangential vectors fields
X
fDxV =Yi1h(X, VYU +DxV =0 (3.5)
X

We know that the necessary and sufficient condition that the submanifold M™~" be totally geodesic is
that

h(X,V)=0,x=1,2,...,7r
Hence the equation (3.5) becomes
fDxV +DxV =0
So the vector V is contravariant almost analytic in the submanifold M™~".Thus we have.

Theorem 3. If M™ be a Kaehler manifold and M™™7 its totally geodesic submanifold admitting a
generalised para (€, 1)-contact structure, the contravariant almost analytic vector field in the
enveloping manifold induces a similar vector field in the submanifold.
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