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Abstract 
 

The process of forming Galois groups of polynomials is inseparable from degrees 3 and 4 

over non-character 2 fields will be illustrated. It will be used by third and fourth degree 

mathematicians. Mathematics for these degrees will not be solved. Permissions and 

automorphisms will not be used.  

1. Introduction  

 

Let K be a field and f (x) be a separable polynomial in K[x]. The Galois group of f (x) 

over K permutes the roots of f(x) in a splitting field.   

The roots   r1 , r2, ….., rn   provide the construction of Galois group. The following two 

theorems without proof will be used for our help; 

 

Theorem  1.1     Let f (x)  over field  K [x]  be a separable polynomial of degree n  

 

   (a)  If the polynomial   f(x) is irreducible in K[x] then the Galois group over K has  

         Order divisible by n.   

        

(b) The polynomial  f (x)  is irreducible in L[X ] if and only if its Galois group   

        Over K is a transitive subgroup of Sn   (symmetric group)    

 

 .  Definition: 1. 2    The discrminants of the following types of 3
rd

 and 4
th

 degree  

                                   Equations   are:-  

 

                     X
3
 + a X + b = 0                  disc (- a

3
- 27 b

2
)  

 

                     X
4
 + a X + b = 0                 disc (-27 a 

4 
+ 256 b 

3
)  

                     

                             X 
4 

+ a X
2
 + b = 0                disc   16 b (a 

2
- 4 b)

2   
 

 

Galois Group of Cubic Polynomials 
The Galois group of a cubic polynomial is completely determined by its determinant. 

  

Method :   

 

 Let K (field of not characteristic 2) and f (x) be a separable irreducible cubic in K[X].  If  

disc f  =   square  in K  then  the  Galois group of  f (x)  over  K  is  A3    

(alternating group;   group of even  permutations)   If   disc  ≠   square in  K  then the Galois 
group  of  f (x)   over  K  is  S3   (  symmetric group of order 3 ,   6 permutations )     
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The permutation action of the Galois group of   f (x) on its roots turns the Galois group into a 

transitive subgroup of S 3   (theorem 1 .1).  The only transitive subgroups of S 3 are A3 and S3.    

Our purpose is to find the transitive subgroups A3   and S3   of cubic equation using the 

discriminant of the given equation.   For example:  

In table-1   we list the discriminants and Galois groups over Q of the cubic equation 

X
3
 - a X - 1   = 0   where    1   ≤  a  ≤  0  . We will discuss only irreducible polynomial. We 

will not discuss   x 
2
 - 2 x - 1 = 0 because it is reducible.  

 

   f(x )                       disc  f                                              Galois  group  

                                 = - 4 a 
3
  - 27  b

2 
    

 

 X
3
 – X – 1                -23  ( not square )                              S 3  ……………(1) 

 

 X 
3
 -  3 X  -  1            81= 9 

2
  ( square )                           A 3  …………….(2) 

 

X 
3
 - 4 X  - 1               229  ( not square )                          S 3 …………….(3) 

 

X 
3
- 5 X   - 1               473 ( not square )                           S 3 ……………(4) 

 

X 
3
 - 6 X  - 1               837 ( not square )                            S 3   …………..(5)   

 

X 
3
 -  7 x  + 7                7 

2  
( square)

                                                  
A 3 …………….(6) 

 

  If a cubic polynomial has Galois group A3   as in (2)   , its roots all generate the same field 

extension of Q. So all the roots are real since at least one root is real. But if all the roots are 

real the Galois group does not have to be A3   for example the polynomial:  

x 
3 

 -   4  x   - 1      

has all the real roots  but its Galois group  over  Q  is  S 3 .    Each root of   x 
3– 4 x – 1 

generates a different  cubic  field  in R .  

 

Remarks 2.3   The cubics    x
3
 - 2x + 1    and   x

 3
 - 7 x - 6    have discriminants  

5    and   400 = (20)
2   

  , but this does not mean by theorem   (2.1) that their Galois groups 

over Q are   S3    and A3  both polynomials are reducible  such that 

  

X
3
 – 2x + 1   =   (x – 1) (x 

2
 + x  - 1)               and 

  

X
3
 -  7x  - 6   =   (x  +1 )(x  + 2)(x – 3)         

                                                          

First of all we must check that a cubic is irreducible before we apply theorem 2.1.                                                      

Secondly you must also check that it is separable if you are working in characteristics 3  

Outside characteristics 3, irreducible cubics are automatically separable.   

 

Example  2.4    Let  F be a field  and u   be  transcendental  over F .  

 In  F(u) [X]  , the polynomial     x 
3
  +  u x   +  u  is irreducible by Eisentein’ s criteria at u .   

The discriminant is     

                                           - 4 u 
3
 - 27 u 

2 
   =   -   u 

2 
(4 u   + 27)  

 

If F does not have characteristics 2 or 3, then this has a simple linear factor 4 u + 27. So the 

discriminant is not a perfect square . If F has characteristic 3, the discriminant is – 4 u 
3  

=
  
-  
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u
3
,
  

  which is not a perfect square .  Therefore, when F does not have characteristic 2   the 

Galois group of    x 
3
 + u x + u   over F (u) is isomorphic to S3.  

 

Is nice to have the record of few irreducible cubics over   Q whose Galois group is A3.   In the 

following  table  2  where each discriminant is a perfect square  The polynomials  in the table 

are all  irreducible  over Q  since  ±  1 are not roots  or  because  they are all irreducible  mod  

2.   We list all three roots of each cubic in terms of one root we call r.  That   list of roots is 

essentially telling us what the three elements of Gal( Q(r ) /  Q )  are , as each automorphism 

is determined by  its effect on r .  

 

             f ( x )                       disc f                              roots 

                                       = - 4 a
3
  - 27 b

2 

       x
3  

  -  3   x   -1                  9
2                            

r ,       r
2
 - r   - 2  ,      - r

2
  + 2 

 

      x
3
   -  x

2
   -2 x  + 1             7

2                            
r ,      r

2
 –  r – 1 ,        - r

2
   + 2         

 

     x
3 

 + x
2   

 - 4 x   + 1             (13
2 

)            r ,   r
2
  + r  - 3 ;       - r

2
  -2 r  + 2 

 

    x
3   

+  2 x
2  

- 5 x  + 1           (19 )
2     

         r ,  r
2
   + 2 r  - 4 ,   - r

2
 - 3 r

    
+  2

   
 

………………………………………………………………………………………………     
                 Table  2  Some cubics  with  Galois  group  A3    over Q 

                         
    

                                                        

GALOIS GROUP OF QUADRATICS 

 

To  compute Galois groups  0f  separable irreducible  quadratics (4
th

 degree polynomials ) 

We first list the permutations of symmetric group  S4   then the transitive  subgroups of  

 S4   .  These are candidates for the Galois groups by  theorem  1.1. 

 
                                                                  

PERMUTATIONS OF SYMMETRIC GROUP S 4 

 

                              PERMUTATIONS                               TYPE 

-------------------------------------------------------------------------------------------------------   
( 12 )  , ( 13 )  , ( 14 ) ,  (23 ) ,  ( 24 ) ,  ( 3 4 )                                                       2 CYCLES 

……………………………………………………………………………………………………………… 

( 12)(34) ,        ( 13)(24) ,      ( 14)(23)                                                      PRODUCT OF  3 – CYCLES 

-……………………………………………………………………………………………………………… 

( 123 ) ,  ( 124  ) ,  ( 1 3 2 ) ,    ( 134 )  ,  ( 1 4 2 ) , ( 143 ) , ( 23 4 )  , (243)               3 – CYCLES 

………………………………………………………………………………………………………………… 

( 1234) ,    ( 1243 ) ,      ( 1324)  ,    ( 1342 ) ,   ( 1423 )   , ( 1432 ) .                          4 – cycles  

 

 

 

 

There are 30 subgroups of   S4   . Which are displayed in the following table, except   e    

and S4    . There elements are given in the following table. 

----------------------------------------------------------------------------------------------------------------                                          

Elements                                                                                       Order            Isomorphic to 

{ e , (12)( 34) , (13)(24)  , (14)( 23) , ( 123) , (124 ) ………. 
 … (132 )  , ( 134) ,  ( 142 ) ,  ( 143 ) ,  ( 234 ) ,   ( 243 )  }               12             A4   

……………………………………………………………………………………………….  
     { e ,  (12)(34) ,  ( 13 )( 24 )  , ( 14 )( 23 )  }                                   4               V4   
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………………………………………………………………………………………… 

{ e ,  (12)(34 ) } , { e ,  ( 13 (24)  },   { e ,  ( 14 )( 23) }                   2 , 2 . 2       Z2    

……………………………………………………………………………………….. 
         { e ,  ( 123) , ( 132 ) }                                                                    3           Z3 

……………………………………………………………………………………………… 

       { e , ( 124 )  , ( 142 ) }                                                                     3           Z3   

………………………………………………………………………………………. 
       { e , ( 134) ,  ( 143 ) }                                                                      3          Z3 

……………………………………………………………………………………………………………………………………. 

         { e , ( 234) ,  ( 243 ) }                                                                       3          Z3  

…………………………………………………………………………………………. 
{ e , (12) , (12)(34) , ( 13)(24) , (14)(23) , (34) ,  ( 1324 ) , (1423) }       8         D4 

……………………………………………………………………………………………………………………………………. 
{ e,  (12)(34) ,  ( 1324) ,  (1423) }                                                         4           Z4 

………………………………………………………………………………………. 
{ e , (12)(34) , (13(24) , (14),  ( 14)(23) ,  (23)  , (1243) , ( 1342) }     8          D4   

…………………………………………………………………………………….. 
  { e , (14)(23),  ( 1243) , ( 1342)}                                                          4          Z4 

………………………………………………………………………………………………………………………………… 

{ e , (12) ,  (13),   ( 23 ) , ( 123 ) ,   ( 132 ) }                                          6          S3  

……………………………………………………………………………… ……. 
{ e , ( 12), ( 14) , ( 24 ) ,  ( 124) ,  ( 142 ) }                                            6          S3 

…………………………………………………………………………………. 
{ e , ( 13) , ( 14 ) . ( 34 ) , ( 134 ) , ( 143 ) }                                          6          S3 

…………………………………………………………………………………………………………………………….. 
{ e , ( 23) , ( 24 )  , ( 34 ) , ( 234 ) ,  ( 243 ) }                                        6           S3  . 

…………………………………………………………………………………. 
{ e , ( 12 ) , ( 12)(34)  .  ( 34 ) }                                                            4            V4 

…………………………………………………………………………………… 

{ e , ( 12) }  , { e ,  ( 34 ) }                                                               2 , 2          Z2 

………………………………………………………………………………….. 
{ e , ( 13 ) }   ,{ ( 13)  ( 24 )  ,    ( 24 )  }                                             4              V4 

……………………………………………………………………………………………………………………………..,, 

                                                                     

       {e ,   ( 13 ) }  , { e ,  ( 24 ) }                                                     2 ,  2            Z 2 

……………………………………………………………………………………………………………………………     

   

  { e , ( 14 ) , ( 14)( 23 )  ,  ( 23 ) }                                                        4            V4 

………………………………………………………………………………………………………………………………… 

 

( e ,  ( 14 } ,              { e ,  ( 23 ) }                                                  2 . 2             Z 4 

…………………………………………………………………………………….    
 

 

The treatments of Galois groups of cubic and quadratic polynomials usually avoid fields of 

characteristics 2.  Here we will discuss these Galois groups of all characteristics. Here we 

will refer two theorems, which will be used in the treatment of Galois groups of all 

characteristics.  
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Theorem 1 :  Let  K  not  having characteristics  2  and f(X) be a separable  irreducible  cubic 

in K[X]  .  If discf  =   □  ( square )    in K  then  the Galois group  of  f (X)  over K  is  A3     

If   discf   ≠   □  ( square )  in K then the Galois group of f ( X)  over K  Is  S 3 . 

(Problems concerning to this theorem have solved above)   
Theorem 2:  Let K not have characteristic 2 and   

 

       f ( X )  =  X 
4
 + a X 

3
 + b X 

2
 +  c X   + d 

 

be irreducible in K [X]  . The Galois group  G f   of (X)   over  K  can be  described in terms 

of  whether  or not  its discriminant is a  square in K and whether  or nor  its cubic  resolvent  

 

     R 3 ( X )  =   X
3
   - b X

2
  + ( ac  - 4 d ) X   - ( a 

2 
d  + c 

2
 - 4 bd )     

 factors in  K [X]  , accordingly in the following  table .  

 

             disc f               R 3 ( X )  in K [ X]                    G f   ( Galois )  isomorphic to 

 

       ≠   □  ( square )              irreducible                                      S 4 

 

        =   □  ( square )              irreducible                                       A 4 

 

        ≠    □  ( square )             reducible                                D 4  or   Z /  4Z  

 

     =    □ ( square )              reducible                                            V 

 

Now we are concerned   with quadratic polynomials and find the Galois group. (field K  will 

not have characteristic 2 ) ,  more than  2 ; 

 

The following definition or formula will be frequently used when dealing with quadratic 

polynomials.  

 

Definition : -     When  f ( X  )  is quadratic with roots    r 1  ,   r2  ,  r3  ,  r4  , its cubic  

resolvent  R 3 ( X )  is the  cubic  polynomial  

 

   When  f (X) is monic , we have the R 3  ( X )  

 

    R 3 ( X )  =   X 
3
  - b X

2
   + ( ac   - 4  d) X   - ( a 

2  
d    + c 

2
  - 4 bd ) 

 

   This may or may not be irreducible over K.  

 

It is useful to record a special case of the cubic resolvent . Let a = b = 0, then   f (X) =   X
4
 + c 

X + d    =>    R3 (X) = X
3
  - 4 d X  -  c

2
.
    

 
  

Example 1:    We compute   the Galois of    X 
4
 -  X  -  1  over  Q  .  This polynomial is 

irreducible  over Q  since it is  irreducible  mod  2 . ; 

The cubic resolvent  of    X 
4
 -  X  -  1   is    X 

3
  + 4  X  - 1  which is irreducible   

over Q . ( ± 1    are not its roots )  . That shows the splitting field of  X
4
   -  X - 1   

 contains  a cubic  subfield ( namely  Q ( r 1 r 2  + r 3   r 4 ) ) , so the Galois group  of  

 X 
4 

 -  X  - 1   over Q  has order  divisible by  3 .  The splitting field  also  contains  
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 Q ( r 1   )  , so the Galois group  is also  divisible  by 4 . Therefore the Galois group is also 

divisible by 4.  Therefore the Galois group is either A4 or   S4.     

 

The discriminant  of  X
4
 – X - 1  is   -  283  , which is  not a perfect square  , so the  Galois 

group   must be  S 4 .  

 

Example 2:   Now we find the Galois group of         X
4
  + 8 X

2
  + 12   over Q . 

First we show that the polynomial is irreducible. If it is reducible then it has a linear factor or 

it is product of two quadratic irreducibles. There is no rational root ( a rational root would be 

an  integer  factor of  12 , and  they  are not  roots ) , so there is no linear factor .   To rule out 

two quadratic irreducible factors over Q, consider the mod 5    irreducible factorization:  

 

               X 
4
  +  8 X

2
  + 12   ≡  ( X – 4 )( X 

3
 + 4 X 

2
   +  X  +  2)       mod   5 

 

If   X 
4
  +  8 X 

2
  + 12 were a product of two quadratics  over  Q, it  would be a  product  of 

two  monic quadratics  over Z , and compatibility  with the mod  5 factorization above  would  

force  there to be at  least two  roots   mod  5  , which there are not . The cubic resolvent of       

X
4
 + 8 X

2
 + 12   is   X 

3
 - 48 X -  64, Which is irreducible   mod 5 and thus is irreducible over 

Q. 

  

So the Galois  group  of  X
4
  + 8 X

2 
 + 12   over  Q    has size  divisible  by 3 ( mod  4 ).  

 

So the Galois group is either  A4     or   S 4     The determinant  of     X 
4
  + 8 X

2
  + 12 

 

is    331776  = 576
2  

= (576 ) 
2  

, a perfect square  , so the Galois  group is  A 4 . 
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